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a b s t r a c t
This paper is concerned with the construction of conservative finite difference schemes by
means of discrete variational method for the generalized Zakharov–Kuznetsov equations
and the numerical solvability of the two-dimensional nonlinear wave equations. A finite
difference scheme is proposed such that mass and energy conservation laws associated
with the generalized Zakharov–Kuznetsov equations hold. Our arguments are based on
the procedure that D. Furihata has recently developed for real-valued nonlinear partial
differential equations. Numerical results are given to confirm the accuracy as well as
validity of the numerical solutions and then exhibit remarkable nonlinear phenomena of
the interaction and behavior of pulse wave solutions.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Numerical solutions of nonlinear wave equations have been extensively treated as one of the main subjects of
mathematical analysis over the past three decades. Although a number of numerical schemes has been proposed for well-
known one-dimensional equations such as nonlinear wave equations as dealt in [1–8], only little numerical work has
been done for nonlinear multi-dimensional wave equations. We here deal with the generalized Zakharov–Kuznetsov (gZK)
equation of the form
∂u
∂t
+ up ∂u
∂x
+ ∂
3u
∂x3
+ ∂
3u
∂x∂y2
= 0, (1)
which is a two-dimensional generalization of the Korteweg–de Vries equation.
When p = 1, Eq. (1) was formulated by Zakharov and Kuznetsov in three-dimensional setting to describe the motion
of nonlinear ion-acoustic waves in magnetized plasma [9–11]. A variety of physical phenomena are governed in the purely
dispersive limit by equations of this type; for instance, the longwaves on a thin liquid film [12], the Rossbywaves in rotating
atmosphere [13], and the isolated vortex of the drift waves in three-dimensional plasma [14]. In spite of such generality,
detailed properties of solutions to Eq. (1) have not been fully explored yet. A cylindrically symmetric solitary wave solution
(hereafter called a bell-shaped pulse) is obtained numerically and its stability has been shown by means of a variational
estimate [11]. When p = 2, Eq. (1) is called the modified Zakharov–Kuznetsov (mZK) equation. The mZK equation arises in
a number of mathematical models concerning fluid mechanics, astrophysics, solid state physics, plasma physics, chemical
kinematics, quantum chemistry, optical fiber and geochemistry. See [6].
In this paper, we perform numerical simulations by using the finite difference schemes which are obtained through
a discrete variational method and exhibit what roles the bell-shaped pulses play in the evolution processes governed by
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the gZK equation. Section 2 is concerned with fundamental properties of the gZK equation. We then formulate the finite
difference schemes through a discrete variational method for the gZK equation in Section 3. Some of the new numerical
results for the initial boundary value problems of the ZK and mZK equations are presented in Section 4. In fact, those
numerical results suggest remarkable nonlinear phenomena concerning the division and interaction of waves generated
by the ZK and mZK equations.
2. Features of the gZK equations
As preliminaries to the numerical investigation of the gZK equations, we here discuss three distinct features of Eq. (1).
First, Painlevé’s test asserts that Eq. (1) is not integrable, so that analytical solutions are not constructed through the inverse
scattering theory. This means that interactions and the behavior of solutions after the interactions are hardly investigated
analytically, and that the nonlinear phenomena should be studied numerically. Second, it is shown that in the case of p < 2,
Eq. (1) admits traveling wave-like solutions which are stable in the sense that the wave structure changes only slightly after
interactions. In the case of p > 2, Eq. (1) has traveling wave-like solutions which are unstable, while the case p = 2 is
critical; stable and unstable traveling wave-like solutions coexist. Third, the gZK equation enjoys the following integrals of
motion as given in [11]:
M(t) ≡

u(x, y, t)dxdy, P(t) ≡

1
2
u2(x, y, t)dxdy,
H(t) ≡
 
1
2
|∇u(x, y, t)|2 − 1
(p+ 1)(p+ 2)u
p+2(x, y, t)

dxdy.
Quantities M(t) ≡ M, P(t) ≡ P and H(t) ≡ H represent the mass, momentum and energy, respectively, which are all
independent of t and conservative.
3. Conservative finite difference schemes
In this section, we formulate conservative finite difference schemes by applying a discrete variational method for the
target Eq. (1). The discrete variational method is based on some discrete conservative physically significant quantities. We
may apply the finite element method through the discrete variational method as well, although the methods are difficult
for formulating schemes of higher order accuracy. Therefore, we here focus our attention on the finite difference method
based on the discrete variational method.
3.1. Discrete operators
Throughout this paper, the following difference operators are employed. First, we write Uni,j for the approximations
of u(n1t, i1x, j1y), n ∈ Z, i, j = 0, 1, 2, . . . , where 1t,1x,1y > 0 denote the mesh sizes for the variables t, x, y,
respectively. We then define shift operators by
s+i Ui,j ≡ Ui+1,j, s+j Ui,j ≡ Ui,j+1, s−i Ui,j ≡ Ui−1,j, s−j Ui,j ≡ Ui,j−1,
s(1)i Ui,j ≡
s+i + s−i
2
Ui,j, s
(1)
j Ui,j ≡
s+j + s−j
2
Ui,j
and the averaging operators by
µ+i Ui,j ≡
1
2
(s+i + 1)Ui,j, µ+j Ui,j ≡
1
2
(s+j + 1)Ui,j, µ−i Ui,j ≡
1
2
(s−i + 1)Ui,j,
µ−j Ui,j ≡
1
2
(s−j + 1)Ui,j, µ(1)i Ui,j ≡ s(1)i Ui,j, µ(1)j Ui,j ≡ s(1)j Ui,j.
The following difference operators are often used in the subsequent discussions:
δ+i =
1
1x
(s+i − 1), δ+j =
1
1y
(s+j − 1), δ−i = −
1
1x
(s−i − 1), δ−j = −
1
1y
(s−j − 1),
δ
(1)
i =
1
2
(δ+i − δ−i ), δ(1)j =
1
2
(δ+j − δ−j ), δ(2)i =
1
1x
(δ+i − δ−i ), δ(2)i =
1
1y
(δ+j − δ−j ).
3.2. Derivation of discrete variational derivatives
We consider the partial differential equations of the form
∂u
∂t
= − ∂
∂x
δG
δu
, (2)
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where G = G(u, ux, uy) is a function of u, ux ≡ ∂u/∂x and uy ≡ ∂u/∂y. The function G(u, ux, uy) is called an energy function
and δG/δu stands for the variational derivative of G(u, ux, uy) for u. The discrete variational method is a discrete method
consistent with the usual continuous variational method. We then describe the definition of discrete variational derivative.
First the energy function G(u, ux, uy) and global energy H[u] are defined by
G(u, ux, uy) = 1
(p+ 1)(p+ 2)u
p+2 − 1
2

∂u
∂x
2
+

∂u
∂y
2
H[u] =
 b1
a1
 b2
a2
G(u, ux, uy)dxdy,
respectively. By the usual variational argument, we have
δH[u] ≡
 b1
a1
 b2
a2
{G(u+ δu, ux + (δu)x, uy + (δu)y)− G(u, ux, uy)}dxdy
=
 b1
a1
 b2
a2

δG
δu

δudxdy+ (b2 − a2)

∂G
∂ux
δu
b1
a1
+ (b1 − a1)

∂G
∂uy
δu
b2
a2
where δG/δu is the Euler–Lagrange variational derivative defined by
δG
δu
≡ ∂G
∂u
− ∂
∂x
∂G
∂ux
− ∂
∂y
∂G
∂uy
. (3)
We next discretize the variational derivative asmentioned above. Discrete energy and the discrete global energy are defined,
respectively, by
Gd(Ui,j) = 1
(p+ 1)(p+ 2)U
p+2
i,j −
1
2

(δ+i Ui,j)2 + (δ−i Ui,j)2
2
+ (δ
+
j Ui,j)
2 + (δ−j Ui,j)2
2

Hd[U] =
Nx
i=0
′′ Ny
j=0
′′
Gd(Ui,j)1x1y, U ≡ {Ui,j}Nx,Nyi,j ∈ RNx+1,Ny+1,
where Gd(Ui,j) and Hd[U] approximate G(u, ux, uy) and H[U], respectively, at x = a1 + i1x and y = a2 + j1y. Nx and Ny are
total number of grid points with respect to x and y, respectively. In the above trapezoidal rule
′′ we use the summation-
by-parts formula in the i and j directions separately. In order to define a discrete variational derivative, we consider the
difference Hd[U] − Hd[V]
Hd[U] − Hd[V] =
Nx
i=0
′′ Ny
j=0
′′ 
δGd
δ(U,V)

i,j
(Ui,j − Vi,j)1x1y+ Ny

∂Gd
∂δ(U,V)

i
Nx
0
+ Nx

∂Gd
∂δ(U,V)

j
Ny
0
. (4)
Note that the discretizations of the boundary values of (∂G/∂ux)δu and (∂G/∂uy)δu are given by

∂Gd
∂δ(U,V)

i
and

∂Gd
∂δ(U,V)

j
.
By means of the definition (3) of variational derivative and (4) identity,

δGd
δ(U,V)

i,j
are obtained as;

δGd
δ(U,V)

i,j
= 1
(p+ 1)(p+ 2)
p+1
l=0
Up+1−li,j V
l
i,j +
1
2

δ
(2)
i (Ui,j + Vi,j)+ δ(2)j (Ui,j + Vi,j)

.
Therefore, we obtain the finite difference scheme below:
Un+1i,j − Uni,j
1t
= −δ(1)i

δGd
δ(Un+1,Un)

i,j
, (5)

δGd
δ(Un+1,Un)

i,j
= 1
(p+ 1)(p+ 2)
p+1
l=0
(Un+1i,j )
p+1−l(Uni,j)
l + 1
2
(δ
(2)
i (U
n+1
i,j + Uni,j)+ δ(2)j (Un+1i,j + Uni,j)).
Furthermore, we impose the following discrete boundary conditions:
∂δGd
∂δ(Un+1,Un)

i
Nx
0
= 0,

∂δGd
∂δ(Un+1,Un)

j
Ny
0
= 0 (6)
H. Nishiyama et al. / Journal of Computational and Applied Mathematics 236 (2012) 2998–3006 3001
which are discrete analogues of the boundary conditions

∂G
∂ux
δu
b1
a1
= 0,

∂G
∂uy
δu
b2
a2
= 0. The standard periodic boundary
conditions and the zero Dirichlet boundary conditions are reasonable examples. The finite difference scheme (5) with (6)
conserves the discrete global energy and mass.
Theorem 1 (Discrete Energy Conservation). Let Un be a solution of (5) with the boundary condition (6). Then the global energy
Hd[Un] is conserved in the sense that
Hd(Un) = Hd(U0), (n = 1, 2, . . .). (7)
Proof. By virtue of the periodic boundary condition, we have
1
1t
{Hd[Un+1] − Hd[Un]} = 1
1t
Nx
i=0
′′ Ny
j=0
′′
{Gd(Un+1i,j )− Gd(Uni,j)}1x1y
=
Nx
i=0
′′ Ny
j=0
′′ 
δGd
δ(Un+1,Un)

i,j
Un+1i,j − Uni,j
1t
1x1y
=
Nx
i=0
′′ Ny
j=0
′′ 
δGd
δ(Un+1,Un)

i,j

−δ(1)i

δGd
δ(Un+1,Un)

i,j

1x1y = 0. 
Theorem 2 (Discrete Mass Conservation). Let Un be a solution of (5) with the boundary condition (6). Then the discrete mass
Un is conserved in the sense that
Nx
i=0
′′ Ny
j=0
′′
Uni,j1x1y =
Nx
i=0
′′ Ny
j=0
′′
U0i,j1x1y, n = 1, 2, . . . . (8)
Proof. By virtue of the periodic boundary condition, we have
1
1t
Nx
i=0
′′ Ny
j=0
′′
(Un+1i,j − Uni,j)1x1y =
Nx
i=0
′′ Ny
j=0
′′ 
−δ(1)i

δGd
δ(Un+1,Uni,j)

i,j

1x1y
=
Ny
j=0
′′ 
−µ(1)i

δGd
δ(Un+1,Uni,j)

i,j
Nx
0
1y = 0. 
4. Results of numerical simulations
4.1. Cylindrically symmetric solitary wave solutions to the ZK equation
For the ZK equation
ut + (3u2)x + uxxx + uxyy = 0, (9)
cylindrically symmetric solitary waves and their evolution as well as interactions are investigated numerically in [15,16].
This type of solutions are also called the bell-shaped pulses. We first consider the collision of two pulses under the initial
condition
u(x, y, 0) =
2
j=1
cj
3
10
n=1
a2n

cos

2narccot
√
cj
2
rj

− 1

, (10)
where c1 and c2 are the velocities of the solitary wave solutions and ri is defined by ri = {(x− xi)2+ (y−yi)2}1/2, (i = 1, 2).
(xi, yi) is the location of the peak of u. The coefficients are given in Table 1. It should be noted that the above initial function
(10) is chosen by reference to the typical solitary wave solution of the generalized KdV equation. In contrast to the well-
known fact that two dissimilar pulse wave solutions to the generalized KdV equation do not change thewave structure after
the collision, the behavior after the interaction of traveling wave-like solutions to the gZK equation is essentially different
as shown below. Also, for large coefficients cj even a single pulse wave is divided into dissimilar pulse-like waves and one of
the dividedwaves would blow up to the Dirac function. In order to show the validity of the scheme (5)–(6), typical examples
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Fig. 1. An initial state and a state after collision of two dissimilar pulses for (9)–(10).
Table 1
Coefficients for the solitary wave solution (10).
n a2n n a2n n a2n n a2n
1 −1.25529873 4 0.00540862 7 −0.00138352 10 −0.00003053
2 0.21722635 5 −0.00332515 8 −0.00070289
3 0.06452543 6 −0.00281281 9 −0.00020451
of the interactions of those bell-shaped pulses are investigated numerically. We here impose periodic boundary conditions
in all the cases below. Figs. 1 and 2 illustrate the collision process of two dissimilar pulses (c1 = 4, c2 = 1). If the centers
of two pulses are situated on a line parallel to the x-axis and propagate along the line from the left to the right to collide
as shown in Fig. 1, the collision is called a direct collision. In Fig. 1, two dissimilar pulses with c1 = 4.0 and c2 = 1.0
are initially located at (8.0, 16.0) and (16.0, 16.0), respectively. It is then observed that the stronger pulse becomes further
stronger and the weaker one gets further weaker after the collision, as shown in Fig. 1. Moreover, it should be noted that the
numerical values of the conservative quantitiesM, P and H are well preserved. Fig. 2 illustrates the case where two pulses
are situated on two different lines parallel to the x-axis and propagate on the corresponding lines. Two dissimilar pulses
with c1 = 4.0, c2 = 2.5 and c3 = 1.0 are initially located at the points (8, 14) and (16, 16), respectively. After collision,
the stronger wave destroys the proper structure of the weaker. The stronger wave becomes higher and its support shrinks,
although the destroyed weaker wave becomes further weaker and generates ripple waves like long tails.
4.2. Cylindrically symmetric solitary solutions for the mZK equation
For the mZK equation
ut + (2u3)x + uxxx + uxyy = 0, (11)
cylindrically symmetric solitarywaves and their evolution aswell as interactions are investigated numerically. Fig. 3 depicts
interesting behavior of a single cylindrically symmetric solitary wave solution with the following initial function:
u(x, y, 0) = c
3
10
n=1
a2n

cos

2narccot
√
c
2
r

− 1

, (12)
where c is the velocity of the solitarywave solution, r = {(x−x0)2+(y−y0)2}1/2, and the coefficients are specified in Table 1.
This special solution is divided into a higher wave with smaller support and a lower wave with larger support. The higher
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Fig. 2. Collision of two dissimilar pulses for the ZK equation (9) with (10).
wave becomes further higher and moves away from the lower wave which stays at the same position. Fig. 4 illustrates the
collision process of two dissimilar pulses for Eq. (11). A higher pulse approaches a lower pulse and the higher is first divided
into a much higher pulse and a lower wave accompanied with ripple waves like extended tails. The higher pulse passes
through the original lower wave and keep moving forward and the remained two lower waves stay at the same position.
This is a new remarkable phenomenon of the behavior of nonlinear waves.
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Fig. 3. Behavior of a single pulse for the mZK equation (11) with (12).
5. Conclusion
It should bementioned that the papers [4,8,3,17,1] are related to our work andwere presented at the CMMSE conference
held in 2003, 2006, 2008, 2009, 2011, respectively. We have formulated new conservative finite difference schemes
through a discrete variational method to solve the gZK equations numerically. We also have investigated the behavior
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Fig. 4. Collision of two dissimilar pulses for the mZK equation (11) with (12).
and interactions of two dissimilar solutions of both ZK and mZK equations through numerical solutions obtained by the
associate numerical schemes. It is observed that, due to the nonlinearities possessed by the equations, interesting nonlinear
phenomena take place after the collision in each case. Especially, division of pulses into further higher and lower pulses,
destruction of lower pulses and appearance of ripple waves are remarkable facts. These phenomena are also known for
one-dimensional generalized KdV equation with critical nonlinearities.
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